We perform the leading one-loop renormalization of the chiral Lagrangian for spinless matter fields living in the fundamental representation of SU(N ). The Lagrangian can also be applied to any theory with a spontaneous symmetry breaking of SU(N ) L ×SU(N ) R to SU(N ) V and spinless matter fields in the fundamental representation. For QCD, the matter fields can be kaons or pseudoscalar heavy mesons. Using the background field method and heat kernel expansion techniques, the divergences of the one-loop effective generating functional for correlation functions of single matter fields are calculated up to O p 3 . They are absorbed by counterterms not only from the third order but also from the second order chiral Lagrangian. *
Introduction
Chiral perturbation theory (ChPT) provides a systematic and successful approach for investigating the low-energy behavior of the Goldstone bosons of the spontaneous symmetry breaking in QCD [1] [2] [3] . For quantum chromodynamics (QCD), the Lagrangian has a chiral symmetry SU(N ) L ×SU(N ) R in the limit of vanishing quark masses, where N is the number of flavors under consideration 1 , which is spontaneously broken to the vector subgroup SU(N ) V . The Goldstone bosons are provided by the lowest-lying pseudoscalar mesons, to be denoted by φ. Since the masses of the u, d (and s) quarks are small, they can be treated as a perturbation, and the explicit chiral symmetry breaking due to the quark masses can be built into ChPT. In this spirit, the chiral Lagrangian can be constructed order by order in a double expansion in the momenta of Goldstone bosons, denoted by p, and the light quark masses with m q = O p 2 (at a fixed ratio of p 2 /m q ). The corresponding coefficients are called lowenergy constants (LECs) which have both finite and divergent parts. To a specific order, both tree level and loop graphs up to that order are necessary. Under the proper power counting scheme [1] , when one calculates a physical observable, the divergence arising from loops is cancelled by that of the LECs in the Lagrangian of the proper order, and one gets a finite and renormalization scale independent result.
Matter fields which are not the Goldstone bosons can be included in ChPT as well. However, because of the mass of the matter field does not vanish in the chiral limit, it presents a new energy scale which needs to be treated with caution. Because of the introduction of this new energy scale, the naive power counting is spoiled by the loops containing the matter field propagators [4] . Various methods were suggested to restore a consistent power counting. For the case of matter fields being baryons, there are methods such as the heavybaryon ChPT [5, 6] and manifestly Lorentz invariant infrared regularization [7] [8] [9] as well as the extended-on-mass-shell scheme [10, 11] . In the latter case, since the power counting breaking terms are polynomials of the external momenta and quark masses, they can be absorbed into the redefinition of the LECs. Generally, because of the new energy scale, contrary to the purely Goldstone boson ChPT, the ultraviolet (UV) divergences generated by the loops not only shift the higher order LECs, but also the lower order LECs (even the leading order ones in certain cases). The same situation happens in the extension of ChPT to include any other matter fields including ChPT for heavy-flavor hadrons [12] [13] [14] and SU(2) ChPT for Kπ scattering [15] .
In this paper, we will study the one-loop renormalization of the chiral Lagrangian for spinless (scalar or peudoscalar) matter fields in the fundamental representation of SU(N ). This kind of theory can be applied to the scattering between light pseudoscalar mesons and pseudoscalar heavy mesons, SU(2) ChPT for kaons, and other relevant cases with the same pattern of spontaneous symmetry breaking and spinless matter fields.
The application of SU(2) ChPT to kaon-pion scattering while treating the kaons as matter fields ensures a better convergence of chiral expansion than that of SU(3) ChPT which includes the kaons as Goldstone bosons as well [15] . This theory is often used in the chiral extrapolation of lattice results at unphysical up and down quark masses to the physical values, see, e.g. Ref. [16] .
While there are lots of data for the Kπ scattering, no direct experimental data for Dπ scattering exists. Nevertheless, there have been lattice calculations of the scattering lengths for the scattering of a light pseudoscalar meson off a charmed meson [17] [18] [19] [20] [21] . The investigation of the S-wave scattering processes in the charmed D-meson sector is important for the understanding of the 0 + strange and non-strange charmed mesons [18, [22] [23] [24] [25] [26] [27] [28] [29] . The lattice results have been used to fix the LECs in the chiral Lagrangian for the D mesons [29] [30] [31] [32] [33] . For purely Goldstone boson ChPT, the systematic one-loop renormalization has been done in the classical papers by Gasser and Leutwyler [2, 3] using the background field method and heat kernel expansion techniques. The divergences in the one-loop effective action are calculated using dimensional regularization which preserves all the symmetries, and one finds all the counterterms which absorb these divergences and renormalize the theory at the order O p 4 . The complete renormalization of the two flavor heavy baryon chiral pion-nucleon Lagrangian is performed in Refs. [34, 35] . Due to the consistent power counting of HBChPT, the UV divergences of the one-loop diagrams from the leading order Lagrangian only shift the LECs of the next-to-next-to-leading order, i.e., O p 3 . However, in relativistic baryonic ChPT (or ChPT including heavy mesons or matter-field kaons), the one-loop diagrams need to be renormalized by LECs from different orders.
In the present work, we employ the background field method and heat kernel techniques to study the renormalization of the chiral Lagrangian for scalar or pseudoscalar matter fields in the SU(N ) fundamental representation to O p 3 . 2 The paper is organized as follows. In Section 2, we collect the relevant notations and the Lagrangians. In Section 3, we derive the relevant one-loop effective action using the background field method and heat kernel techniques. The renormalization is carried out and a comparison with purely Goldstone boson ChPT is also given in Section 4. Section 5 presents a brief summary. Finally, we collect the explicit expressions for the "field strength" tensor and some useful identities in the Appendices A and B, respectively, and relevant Lagrangian terms of the SU(2) ChPT for kaons in Appendix C.
Chiral Lagrangian of spinless matter fields
In this section, we briefly review the chiral generating functional and Lagrangian describing the interaction between the Goldstone bosons and spinless matter fields, denoted by φ and P , respectively. The Goldstone bosons are encoded in an N × N unimodular, unitary matrix U (x),
where F 0 is the pion decay constant in the chiral limit. U (x) = u 2 (x) = exp (iφ/F 0 ), and φ can be expanded in the N × N traceless Hermitian basis φ = λ a φ a (λ a denotes the Gell-Mann matrices for N = 3 and the Pauli matrices for N = 2) with φ a being the corresponding Goldstone boson fields. We choose the representation in the coset space SU(N )
where g L ∈ SU(N ) L , g R ∈ SU(N ) R , and the compensator field h ∈ SU(N ) is a complicated nonlinear function of g L , g R and φ which reduces to the element of the conserved
The transformation properties of the matter fields are not unique, but it is convenient to construct the matter fields such that they transform under
This corresponds to the representation with P † being in the fundamental representation of SU(N ) V . We will consider the case of the interaction between Goldstone bosons with a single matter field. The generating functional for the correlation functions of quark currents between single matter fields is defined via
where
x L φP denote the Goldstone boson and the φP chiral actions, respectively, J and J † are the sources coupled to the spinless matter fields, and j denotes various external fields (vector v µ , axial a µ , scalar s and pseudoscalar p). As usual, the quark mass terms will be included in the external scalar source s. The effective chiral Lagrangians can be expanded as
where the superscripts denote the chiral dimension. We will consider the renormalization at the leading one-loop order, i.e. O p 3 for the φP part and O p 4 for the purely Goldstone boson part. 3 The leading order Goldstone boson Lagrangian reads
where . . . denotes the trace in light-flavor space, and we use
with the left and right covariant derivatives given by
The chiral effective Lagrangian for spinless matter fields starts from O (p), and the leading order terms are given by L
(1) where m stands for the mass of the matter fields in the chiral limit, and the chirally covariant derivative acting on the matter fields are
with the chiral connection [28, 33] ,
where we have defined
and f
The γ 1 and γ 2 terms have not been introduced in the literature to the best of our knowledge. Although they do not contribute to the scattering, they are necessary for renormalization as one can see later.
For the two-flavor case N = 2, one may use the Caylay-Hamilton relation, see Eq. (35), to reduce the number of terms. Since the Lagrangian in this case has been constructed in Ref. [15] , we give the relations between our LECs and the ones therein (A i , B i and C i ) (for completeness, we copy in Appendix C the relevant Lagrangian terms from Ref. [15] )
Notice that we do not have the B 2 term here because it is in fact a O p 4 term as can be seen by partial integration. Instead, part of the C 3 term in the O p 4 Lagrangian of Ref. [15] , the second line of the C 3 term in Eq. (39) , is in fact of O p 3 , and the relation given above is derived by keeping only that part in the C 3 term. These corrected assignments can be checked from the explicit expression of the isospin-3/2 πK scattering amplitude in Ref. [37] . The g 5 and g 6 terms are not listed in our original Lagrangian [33] because their contribution to the scattering amplitudes get cancelled by the wave function renormalization of the matter field at the order O p 3 . However, we list them since they are formally of O p 3 , and they can be rewritten as the C 5 and C 6 terms in Ref. [15] by using the equation of motion for the matter field.
Generating functional to one-loop
In this section, we evaluate the generating functional to the leading one-loop order using the background field method. The basic idea of the background field method is to decompose the fields into classical background fields and quantum fluctuations. After integrating out the fluctuations, the resulting effective action actually describes the one-loop contribution of the original action. If only the divergent parts of the loops are considered, one could employ the heat kernel techniques to extract the UV divergence of the effective action, which contains all the possible one-loop divergences and needs to be renormalized by various counterterms provided by the LECs of the higher order Lagrangians. To this end, we perturb the fields u(x) and P (x) around the solutions of the classical equations of motionū(x) andP (x),
where η is a traceless Hermitian matrix, η = η a λ a (a = 1, . . . , N 2 − 1). Then we substitute the decompositions in Eq. (15) into the generating functional given by Eq. (4). Since we work up to the leading one-loop order, we retain only the quadratic terms in η and h from L 
where i, j = 1, . . . , N while A and B run from 1 to (N 2 − 1) + N for N 2 − 1 Goldstone boson fluctuations and N matter field fluctuations. To second order in the fluctuations, the chiral connection Γ µ , the axial-vector vielbein u µ and χ + read
From now on, we will neglect the bars over the classical field configurations for brevity. Using the expressions in Eq. (17), the terms in the action quadratic in ξ take the form of
Here, the covariant derivative D AB µ is given in matrix form by
and the non-derivative term σ AB stands for
with
In each of the σ 11,12,21 , the last term contains more than two matter fields, and thus does not contribute to the correlation function of operators sandwiched between single matter fields. The one-loop term in the generating functional is a Gaussian integral over the fluctuations ξ, which can be evaluated with standard methods [38, 39] :
where N is an irrelevant normalization, "tr" stands for the trace over the space-time as well as the flavor space spanned by the basis of the ξ A . The UV divergences in the generating functional Z loop can be extracted by using the heat kernel expansion (see, e.g., Appendix B of Ref. [38] ), and they only show up in the first few expansion coefficients. Using dimensional regularization, the relevant terms are
where "Tr" denotes the trace over the space spanned by the ξ A , and the associated "field strength" tensor 
Renormalization
As we are only interested in the UV divergences, we substitute the explicit expressions of F and σ into Eq. (24) and keep only the terms having a 1/(d − 4) pole. Using the equations of motion for the classical fields and the identities listed in Appendix B, one can obtain all possible one-loop divergences. Up to O p 3 , those relevant for single matter fields read
In order to obtain a finite one-loop effective action, the UV divergences in Eq. (24) needs to be cancelled by those of the LECs
where c r i (µ) is the finite part of the c i and is scale dependent. From Eq. (25) 
These coefficients determine the scale dependence of the corresponding renormalized LECs, and the pertinent renormalization group equations read
From Eq. (27) , once clearly sees that the one-loop divergences also renormalize the LECs at a lower order (here, the h i 's). For N = 3, the values of h 0 i and g 0 i agree with those found in an explicit calculation of the scattering amplitudes [33] .
We have checked that integrating out the Goldstone boson fluctuations leads to the divergence structure of the purely Goldstone boson effective action for N flavors [40] :
Yet, as can be expected, Z div φ also gets contributions due to the presence of the matter field loops. The matter fields are expected to be much heavier than the Goldstone bosons, and therefore their effects in loops on the properties of Goldstone bosons might be irrelevant, at least for the ChPT of QCD. Nevertheless, they contribute to the divergence of the generational functional, which is given here for completeness
Summary
In this paper, we have performed the renormalization of the chiral Lagrangian for spinless matter fields living in the fundamental representation of SU(N ). For QCD, the matter fields can be kaons for SU(2) kaon ChPT or pseudoscalar heavy mesons. Yet, it can also be applied to any other theory with a spontaneous symmetry breaking of SU(N ) L ×SU(N ) R to SU(N ) V and spinless matter fields in the fundamental representation. Using the background field method and heat kernel expansion techniques, we calculated the divergence of the oneloop effective generating functional for correlation functions of single matter fields up to the order O p 3 , which can be absorbed by various LECs in both the O p 2 and O p 3 Lagrangians.
A The "field-strength" tensor
The "field-strength" tensor in Eq. (24) 
where 4
for arbitrary 2 × 2 matrices A and B. For the SU(3) case, we have
